Goldstone multiplet for partially broken superconformal symmetry by Kuzenko, S M & McArthur, I N
hep-th/0109183
September, 2001
Goldstone multiplet for partially broken
superconformal symmetry
S.M. Kuzenko and I.N. McArthur
Department of Physics, The University of Western Australia
Crawley, W.A. 6009. Australia
kuzenko@cyllene.uwa.edu.au, mcarthur@physics.uwa.edu.au
Abstract
The bosonic parts of D3-brane actions in AdS(5) backgrounds are known to
have symmetries which are field-dependent extensions of conformal transformations
of the worldvolume coordinates. We use the method of nonlinear realizations to
construct a four-dimensional N = 1 off-shell supersymmetric action which has a
generalized superconformal invariance. The Goldstone fields for broken scale, chiral
and S-supersymmetry transformations form a chiral supermultiplet.
In the consideration of D3-branes in an AdS5S5 background, Maldacena [1] showed





−det(ηmn + ∂mU∂nU/U4)− 1

(1)
is also invariant under the generalized special conformal transformations
δxm = bm x2 − 2xm(b  x) + bm/U2(x) ,
δU(x)  U 0(x0)− U(x) = 2(b  x) U(x) . (2)
This action and its symmetries have a natural geometric origin. The action is the Nambu
action, expressed in static gauge, for a 3-brane embedded in AdS5 with the metric
ds2 = U2dxmηmndx
n + (dU/U)2 . (3)
The symmetries of the action follow from the SO(4, 2) group of isometries of AdS5 =
SO(4, 2)/SO(4, 1).
The action (1) describes the dynamics of the transverse radial excitation of a D3-brane
moving near the core of another D3-brane. The bosonic D3-brane action reads (here we





−det(ηmn + ∂mU∂nU/U4 + Fmn/U2)− 1

, (4)
where U2 = UU, with µ = 1, . . . , s. It is invariant under standard linear conformal
transformations of U and F only if all terms in the action with derivatives of the transverse
brane excitations , ∂mU
, are ignored. In the general case, when such terms are kept,
the action turns out to be invariant under deformed nonlinear conformal transformations
of the elds which have a deep ve-dimensional origin (see [3, 4] and references therein)
but which, at rst sight, look wierd from a four-dimensional point of view. Remarkably,
there does exist a four-dimensional origin for this deformed conformal symmetry, and in
fact it comes from quantum theory. Almost two decades ago, Fradkin and Palchik [5]
observed that the eective action in conformally invariant quantum Yang-Mills theories
is not invariant under the usual linear conformal transformations of non-abelian gauge
elds, but instead possesses an invariance under nonlocal and nonlinear transformations,
consisting of a combination of linear conformal transformations and some compensating
eld-dependent gauge transformations, which form a nonlinear realization of the conformal
group [6]. These nonlocal conformal transformations turn out to reduce to those of the
form (2) in the case of the low-energy eective action of N = 4 super Yang-Mills theory
[7].
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In the present letter, we address the problem of constructing o-shell supersymmetric
four-dimensional extensions of the bosonic action (4). An N -extended supereld general-
ization of (4) should be invariant under nonlinearly realized SU(2, 2jN ) transformations.
Such nonlinear supereld realizations of SU(2, 2jN ) could in principle be obtained by
(i) considering an o-shell N = 1 or N = 2 formulation of the quantum N = 4 super
Yang-Mills theory; (ii) dening quantum nonlocal superconformal transformations of the
dynamical superelds a la Fradkin and Palchik [5]; (iii) considering a low-energy approx-
imation dened in a similar manner to the component approach of [7] but now in terms
of superelds. Once the nonlinear supereld realization of SU(2, 2jN ) is known, an in-
variant action should be (more or less) unique on general grounds [1, 2]. In practice, the
above program may be dicult to realize. It seems simpler and safer to make use of the
method of nonlinear realizations [8] in order to work out consistent mechanisms for partial
breaking of the superconformal symmetry. The coset spaces of interest are of the form
SU(2, 2jN )/(SO(4, 1)GR), where GR is a subgroup of the R-symmerty group U(N ).
In this paper, we give an N = 1 supersymmetric extension of the action (4), which
corresponds to the choice s = 2 and F = 0 1. The action constructed is described by a
chiral scalar supereld which is the Goldstone multiplet for partial breaking of SU(2, 2j1).
The supergroup SU(2, 2j1) is the four-dimensional N = 1 superconformal group. It is
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which satisfy the conditions








1The N = 1 superconformal Born-Infeld action given in eq. (2.15) of [9] reduces in components to the
action (4) with s = 2 and all derivatives of U omitted.
2We use the superconformal notation adopted in [10, 11]. Our two-component matrix-like conventions
are as follows. For all Q-supersymmetry spinors, namely transformation parameters (, ¯) and superspace
coordinates (θ, θ¯), the matrix convention is: ψ = (ψα), ψ˜ = (ψα), ψ¯ = (ψ¯α˙), ˜¯ψ = (ψ¯α˙). For all S-
supersymmetry spinors, the matrix convention is: ψ = (ψα), ψ˜ = (ψα), ψ¯ = (ψ¯α˙), ˜¯ψ = (ψ¯α˙). For
a four-vector xa converted into a bi-spinor, we define x = (xαα˙) and x˜ = (xα˙α); but x  y = xaya =
− 12 tr(x˜y) = − 12 tr(xy˜).
2
As superconformal transformations, the matrix elements correspond to a Lorentz trans-
formation (ω
, ω˙˙), a translation a
˙, a special conformal transformation b˙, a Q{
supersymmetry (, ˙), an S{supersymmetry (ρ, ρ˙), and a combined scale and chiral




Ω). Minkowski superspace, with coordinates zA = (xa, θ, θ˙),
can be identied with the coset space SU(2, 2j1)/(P  C), where P denotes the N = 1
Poincare supergroup generated by the parameters (ω; ω, b, ρ, ρ) in (5), and C
 denotes
the group of scale and chiral transformations generated by the parameters  and  in









where x denote ordinary (anti-)chiral bosonic variables, xa = x
a iθσaθ. In the innites-
imal case, the superconformal group acts on Minkowski superspace by transformations
z ! z0 = z + δz such that





ω^ − σ1 −ib 2ρ^
0 − ^ω + σ1 0
0 2^ρ 2(σ − σ)
1
CA (9)
is a compensating transformation belonging to the Lie algebra of the stability group. One
nds
δxa+ = v






ax2+ − 2xa+(x+  b) + 2iθσa− 2θσa~x+ρ ,
δθ = v(x+, θ) = 
 − θω + 1
2
(λ + iΩ)θ + (θb~x+)
 − i(ρ~x+) + 2ρθ2 , (10)
and the entries of H read
ω^




(x+~b− b~x+) + 4ρθ + 2δθρ ,
σ(x+, θ) =  + 2θρ− b  x+ , ρ^˙(θ) = 2(ρ + iθb)˙ = D˙σ , (11)
with D and D˙ the flat spinor covariant derivatives. As is seen from (10), the super-
conformal group acts on the complex variables x+ and θ by holomorphic transformations
which preserve the surface xa+ − xa− = 2iθσaθ; see [12] for a detailed discussion. The
left-invariant Maurer-Cartan one-form







CA , ea = dxa − idθσaθ + iθσadθ , (12)
3
transforms only under the compensating transformations,
δE = [H, E]− dH . (13)
We now turn to the consideration of the coset space SU(2, 2j1)/SO(4, 1), which de-
scribes the product of a ve-dimensionalN = 1 anti-de Sitter superspace and a one-sphere,



























ϕ1=21 2 ϕ−1=2ηη 2ϕ ϕ−1η
−iϕ1=2~x+ ϕ−1=2(1− 2i~x+ηη + 4θη)1 2ϕ ϕ−1(θ − i~x+η)
2ϕ1=2θ 2 ϕ−1=2(η + 2θηη) ϕ ϕ−1(1 + 4θη)
1
CA . (14)
An innitesimal superconformal transformation Z ! Z 0 = Z + δZ of the variables Z =
(zA, ϕ, ϕ, η, η˙) is uniquely determined by requiring
X G(Z) = δG(Z) + G(Z)H(Z), δG(Z) = G(Z + δZ)−G(Z) , (15)








CA , trΩ = 0 , Ω = Ωy , by = b. (16)
One nds
δx˙+ = v







δθ = v(x+, θ)− i(ϕ ϕ)−1=2η˙b˙ ; (17)




Dσ + (σ − 2σ)η + ω^η − 4i(ϕ ϕ)−1=2η(η~bη) , (18)
and the entries of H are
(ϕ ϕ)1=2b = b(1 + (ϕ ϕ)−1=2η2η2) + 2i(ρη − ηρ) + 2(bθη + ηθb) ,
Ω = ω^(x+, θ) + 2i(ηη~b +
1
2
η~bη 1) . (19)
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As is seen from eq. (17), the variations δxa+ and δθ
 satisfy the relation
δxa+ − δxa− = 2i (δθσaθ + θσaδθ) ,
in complete agreement with the denition of x+. However, the variations δx+ and δθ are
no longer holomorphic functions of x+ and θ, unlike the Minkowski superspace case.
The standard coset construction using the Maurer-Cartan form G−1 dG yields the
geometry AdS5j8S1. The coecients of the \broken" generators of SU(2, 2j1) determine
a supervielbein E, and the coecients of the \unbroken" generators are the components
of an SO(4, 1) connection . In terms of the coordinates introduced above,












d ln ϕ1 2dθ














The components of the supervielbein are given by scale and chiral invariant one-forms





dη = ϕ1=2 ϕ−1

dη + 2η(ηdθ − 2dθη − iη~eη)

, (22)
d ln ϕ = d ln ϕ + 4dθη + 2iη~eη , (23)
dx = (ϕ ϕ)1=2 e + 2i (ϕ ϕ)−1=2






















B = −(ϕ ϕ)1=2 e + 2i (ϕ ϕ)−1=2






The superconformal transformations of E and  are
δE = [H,E] , δ = [H,]− dH . (27)
Analysing the transformation of E, one observes that the supermetric
ds2 = dxadxa + (d ln
p
ϕ ϕ)2 + κ(dθdθ − dη˙dη˙) + κ(dθ˙dθ˙ − dηdη) , (28)
with κ a dimensionless constant, is superconformally invariant.
So far, ϕ and η have been considered as independent coordinates of AdS
5j8  S1.
From now on, we will treat them as Goldstone superelds, ϕ(z) and η(z), living in the
5
four-dimensional N = 1 superspace with coordinates zM = (xm, θ, θ˙). On this space,
we introduce the supervielbein3
EA = (dxa,dθ,dθ˙) = dzM EM A(z) , (29)
and the dual basis in the space of vector elds,
DA = (Da,D, D˙) = EAM(z) ∂
∂zM
, EAM EM B = δAB . (30)









































˙ = (ϕ ϕ)3=2












˙ − η2( D˙η˙)δ + 2(Dη˙)η˙η + 2( D˙η)ηη˙ ,
B
















The Goldstone superelds must be constrained, since ϕ and η contain not only true
Goldstone elds for the broken scale, chiral and S-supersymmetry transformations, but
in addition a number of ghost elds. Guided by the inverse Higgs eect [14], which has
played an important role in the construction of various models for partial supersymmetry
breaking [15, 16], a covariant set of constraints is obtained by setting to zero the coecients
of E and E ˙ in the decomposition of d ln ϕ with respect to the basis EA. The resulting
constraints read:





0 = D˙ lnϕ + 2(ϕ ϕ)−1
(
η2 D˙η2 − η2 D˙η2

. (32)
These constraints are invariant under the action of the group SU(2, 2j1), because the
compensating SO(4, 1) transformations mix the one-form d ln ϕ with dxa, but not with
3This supervielbein is used as an SO(3, 1) covariant basis of one-forms in N = 1 superspace. However,
the four-dimensional geometry which will be used to construct a superconformally invariant action will
be that inherited from the supermetric (28).
6
dθ or dθ˙. The constraints can be solved by expressing ϕ and η in terms of a chiral
unconstrained supereld , D˙ = 0. To lowest orders in perturbation theory, we have




( D˙ ln )(D ln )2
i
+ O(ln4 ) , (33)
η = −1
4






 ln )( D˙ ln ) + (D ln )(D D
˙ ln )
i
∂˙ ln  + O(ln
4 ) .
Treating ϕ and η as Goldstone elds allows us to consider the pull back of the super-
metric (28) to four-dimensional superspace,







is invariant under the nonlinearly realized superconformal transformations (17), (18).
This is the Goldstone multiplet action. To lowest order in powers of the Golstone chiral
supereld , the action reads
S =
Z
d4xd4θ  + O(ln4 ) . (37)
It would be of interest to nd a closed solution of the constraints (32) in terms of
 and its conjugate. The approach of [17] may be useful for this purpose, but it would
rst be necessary to study the geometry of the superspace SU(2, 2j1)/SO(4, 1) along
the lines of [18]. In principle, one could also use the coset space SU(2, 2j1)/(SO(4, 1)
U(1)) to develop a mechanism for partial breaking of the superconformal symmetry;
the corresponding Goldstone eld for broken scale and S-supersymmetry transformations
should be an improved N = 1 tensor supermultiplet [19]. It would be interesting to relate
our action to those derived in the framework of superembeddings, see [20] for a review of
the superembedding approach. The construction presented in this paper should extend
naturally to supersymmetric theories with N > 1. In particular, in the case N = 2, the
Goldstone supereld is expected to be the abelian N = 2 vector supermultiplet described
by a chiral constrained supereld W [21]. Since W contains the eld strength Fmn as one
of its components, the resulting action should be of Born-Infeld type.
Acknowledgement. Discussions with Arkady Tseytlin are gratefully acknowledged.
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